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CALCULUS 11, Final Exam
26/11/2025, 9:30-12:30. Total Marks: 80

y
lﬂpomt\) Integrate 2 + y? over the region A C R? in the first quadrant bounded by 7y = 1,7y = 4,y =
2, = 2. Hint: Use a change of variables. in-A
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2. (10 points) Show that R? \ {0} is not diffeomorphic to RZ. L L
o

. (10 points) Let n be a positive integer. An n-surface is a non-empty subset S of R™*? of the form S = f~*(c)
where f : R** — Ris a C®-function such that Df(p) # 0 for all p € S and ¢ € R. Let S be an n-surface and
let p € S. The tangent space T,(S) of S at p is defined as:

T(S) ={vp€Tp(R"+1) | Df(p) -v = 0}. abocal=1

In the above definition, D f(p) is considered as a vector in R™*! and D f(p) - v denote the dot product.

/ Lct SLy(R) denote the set of 2 x 2 real matrices with determinant 1. Using the natural inclusion SL,(R) C
R4 show that SL,(R) is a 3-surface.

)/Lct p € SLy(R) denote the identity matrix. What s the tangent space Tp(SLo(RR))? Describe it as a set of

matrices with a certain property. M 0

4. (a) (10 points) Let w be a 1-form on an open set U C R" such that f w = 0 for every closecﬂl -cube y in U.
Prove thatw is exact on U, that is there exists f € C®°(U) such that w = df.

(b) (10 points) Let w be a closed 1-form on R? \ {0}. Prove that w is exact. ? j
(15 points) Let S C R3 be the hyperboloid z2 + ¥? — 22 r=_J_r=1 <z<1 onented with outward normal.
£~

Calculate the following integral: }‘; E s
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Hint: Using cylindrical coordinates £ = r cos 8, y = r sin  or otherwise, show that the integrand form is zero oﬁ
e - oD vy g 2) (T
%(15 points) Let S C R3 be the part of the sphere z2 + y + 22 = 4 below the plane z = 1, oriented with upward
normal. Calculate the integral [, zdy A dz. 4T 9 — > d(%
Hint: Use Stokes theorem: find a 1-form w such that dw = zdy A dz and mtegrate on the oundary of Z
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