Analysis I, HW 1 Solution Notes

ARJUN AGARWAL

12 March 2025

This is a compilation of solutions for Assignment 1 of Probability Theory
class instructed by Prof. R. Srinivasan. The solutions are of original design.
The template is a modified template of the one used for USAMO solutions
by Evan Chen.
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§0

1.

Problems

If A, B,C are arbitrary sets, show, for any probability measure P, that
(i) PLANBNC) <P(A) AP(B) ANP(C).

(ii) PLAUBUC) > P(A) VP(B) v P(C).

(iii) P(ANB) > P(A) + P(B) — 1.

. An urn contains n balls numbered 1,2, ..., n. We select at random r balls, (a) with

replacement, (b) without replacement. What is the probability that the largest
selected number is m?

. A and B throw alternately a pair of dice in that order. A wins if he scores 6 points

before B gets 7 points, in which case B wins. If A starts the game what is his
probability of winning?

. Urn A contains w; white balls and by black balls. Urn B contains w; white balls

and ws black balls. A ball is drawn from A and is placed into B, and then a ball is
transferred from B to A. Finally, a ball is selected from A. What is the probability
that the ball will be white?

. Let L denotes the space of all integer valued random variables on a probability

space. We define X ~ Y if P({X =Y}) =1 and L denotes the vector space L/ ~.
Define

d(IX],[Y]) =) [PUX =n}) = PHY =n})],

ne”

where X € [X], Y € [Y] for some element in the equivalence class. Show that d is
a well-defined metric on L and that

d([X],[¥]) = 23%1%!13({)( € A}) - P({Y € 4})].

. Find the most probable value of a random variable following Poisn(\)

. A random number N of dice is thrown. Let A; be the event that {N = i}, and

assume that P(4;) = 27% i > 1. The sum of the scores is the random variable S.
Find the probability that:

(a) {N =2} given {S =4}

(b) {S =4} given N is even

(c) {N =2}, given that {S = 4} and the first die showed 1
)

(d) the largest number shown by any die is r, where S is unknown

. Let X and Y be independent random variables taking values in the positive integers

and having the same geometric mass function with parameter p. Find:

(i) P(Y > X)
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9.

10.

11.

12.

13.

14.

Suppose a building has f number of floors above the basement, where it starts with
N passengers. Assume that the passengers get off, independently of each other,
at one of the f floors with an equal probability. Let X be the first floor after the
basement at which the elevator stops to let a passenger off. Compute FE(X).

Find the marginal mass functions of the multinomial distribution

Let X and Y be independent geometric random variables with respective parame-
ters p; and py. Show that the mass function of X + Y is given by

Freow (k) = SEE2 (1= o) = (1= 1))

Let N be Poisson distributed with parameter A Show that, for any function g (such
that the following expectations exist),

E(Ng(N)) = AE(g9(N +1))

Find the generating function of a random variable with mass function f(m) =
—p)plml

Find the generating function of f(m) = %,m € Z, where 0 < p < 1. Find

the mean and variance.
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§1 Solutions
§1.1 Problem 1

Problem statement

If A, B,C are arbitrary sets, show, for any probability measure P, that
(i) PLANBNC) <P(A) AP(B) AP(C).
(i) PLAUBUC) > P(A) VP(B) vP(C).

(ifi) P(AN B) > P(A) + P(B) — 1.
\ J

Lemma 1.1

ADB = P(A)>P(B)

Proof. Proof. A= B+ B/A where BN B/A = ¢.
Thus, P(A) = P(B + B/A) = P(B) + P(B/A) > P(B) O

This automatically solves (i) and (ii) as ANBNC C A,B,C and AUBUC D A, B,C.
For (iii), we use P(AU B) = P(A) + P(B) — P(AN B) to get

P(ANB) >P(A)+P(B) -1
1>P(A)+P(B)—-P(ANB)
1>P(AUB)

Which is true by the definition of probability. O

§1.2 Problem 2

Problem statement

An urn contains n balls numbered 1,2,...,n. We select at random r balls, (a) with
replacement, (b) without replacement. What is the probability that the largest
selected number is m?

Proof. Let the largest selected number be represented by the random variable X. (a)

p(X:m):W

As we want atleast one ball to be equal to m and don’t really care about others. So m”
over counts the cases where none of the balls are greater than m — 1. So by subtracting,
(m —1)", we are done. (b)
(ry)
P(X=m)=< (0
0 otherwise

m2>r
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This is as we want all the selected balls from {1,2,...,m — 1} and will fail to do so if
number of draws is larger than m — 1. O

§1.3 Problem 3

Problem statement

A and B throw alternately a pair of dice in that order. A wins if he scores 6 points

before B gets 7 points, in which case B wins. If A starts the game what is his
probability of winning?

Proof. Notice,

5
P(2d6 = 6) =
1
P(2d6=7) = ¢
. 5 5 531
.P(AWIH)—%'F%E%‘F
:5(Hﬁﬂ+%wg )
36 636 36362
5 15 1
36123 3611
5216 30
T 36 61 61

O]

Remark 1.2. Before this question was clarified, here is my orignal solution: The game can
atmost run for 5 turns as 2 * 3 = 6 and thus, the game will surely end on the 5" turn.
Secondly, P(Awins) = 1 — P(Bwins).

We shall compute the latter as it is easier to do so.

Round 1

A can fail to win this round if A rolls 2,3,4,5 which has a probability %.

Round 2

This can occur if B rolls 2,3,4,5,6 which has a probability of %.

This also implies that the probability B wins on round 2 is g—é

Round 3 If A rolled a 4,5, this round ends the game.

The only case the game continues is if A rolled a 2 in round 1 and now rolls 2,3 or if A
rolled a 3 in round 1 and now rolls 2.

This has probability 1—10% + %3—16.

Round 4 B wins here with probability 1—15% +

w

B+ +

wlOJ
[2)[e3}

Gl
[=2]

Gl
Gle

Thus, the probability of B winning is

021 101513 21\ (180 235 33 0\ 01505
3636 3636 \1036 1036 1536 1536 1536 15/ 559872

Thus,
468277

"~ 559872

P(A win)
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§1.4 Problem 4

Problem statement

Urn A contains wy white balls and b; black balls. Urn B contains w; white balls
and weo black balls. A ball is drawn from A and is placed into B, and then a ball is
transferred from B to A. Finally, a ball is selected from A. What is the probability
that the ball will be white?

Proof. We have three cases. A has w; — 1, w1, w1 + 1 white balls. The first occurs if we
drew a white then a black, the second if we drew a white and white or a black and black
and third if we drew a black then a white.

Thus,
wyp — 1 w1 w2
P(ds =W) =
(3 ) wy + by (w1+b1w1+w2+1>
w1 w1 wy + 1 by wy + 1
+ +
wy+ by \wy +bywy +we+1  wy+byw +we+1

w1+1< by w1 )
w1 + by \wy + by wy +wa + 1
O

§1.5 Problem 5

Problem statement

Let L denotes the space of all integer valued random variables on a probability
space. We define X ~Y if P({X =Y}) =1 and L denotes the vector space L/ ~.
Define
d([X],[Y]) = Y IP{X =n}) - P{Y =n})],
neZ
where X € [X], Y € [Y] for some element in the equivalence class. Show that d is
a well-defined metric on L and that

d([X],[Y]) = 2213 |P{X € A}) — P{Y € A})|.
\_ _ J

Proof. Notice

d([X],[X]) = ) IP({X =n}) —P({X =n})| =0

neZ

As the summation only has non-negative parts, d([X],[Y]) =0 = PH{X =n}) =
P({Y = n}Vn € Z which means X is sthocastically identical to Y.

d([X],[Y]) = ) IP{X = n})-P{Y =n})| = Y [P{Y = n})~-P({X = n})| = d([Y], [X])

neL nez


https://arjunagarwal.substack.com

Analysis I, HW 1 Solution Notes arjunagarwal.substack.com, updated 12 March 2025

d([X], YD) +d(Y],[2]) = Y IP{X = n})—P({Y = n})|+)_ [P{Y =n})-P({Z = n})|

neZ ne”z

> Y IP({X = n}) —P({Z = n})| = d([], )

neL

Thus, the above defined is a valid metric.

We define A = {k|P(X = k) > P(Y = k}. This is trivially the supremum set for the
above property as including any other element contradicts the maximality of supremum.
Also notice, P(X € A) + P(X € A°) =1 for all A as X is a random variable.

Thus, for our A,

d([X],[Y]) = Y PUX € A}) —P{Y € A}) + Y P({Y € A}) —P({X € A})

ACZ ACZ

Using P(X € A)+ P(X € A9) =P(Y € A)+P(Y € A°) = P(X € A)-P(Y cA) =
P(Y € A°) —P(X € A°)

=2> |P({X € A}) —P({Y € A})|

ACZ

Using the fact that A is the supremum

d([X],[Y]) = 22‘3 IP{X € A}) —P({Y € A})|
And we are done! O

§1.6 Problem 6

Problem statement

Find the most probable value of a random variable following Poisn(\)

Proof. Let X be poisson distributed with parameter A, Then,

€7>\>\k+1
Ple=k+1)  "wor _ A
Plx=4k) — <X k+l

This implies P(x =k +1) > P(X = k) as long as A > k+ 1.

For 0 < A < 1, the mode is realized at P(x = 0) as A < k+ 1 for all £ > 0 and the
probability is decreasing.

For A > 1 and is not an integer, the mode is realized at P(x = |z|) as A < k + 1 for all
k> [ A

For A > 1 and is an integer, the mode is realized at P(x = \) and P(z = A — 1) as
A< A+1forall k> . Here however,at k = A —1 we get P(x =k+1) =P(z = k) and
thus, we have two modes. ]

§1.7 Problem 7
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Problem statement

A random number N of dice is thrown. Let A; be the event that {N = i}, and
assume that P(A;) = 27¢ i > 1. The sum of the scores is the random variable S.
Find the probability that:

(a) {N =2} given {S =4}

(b) {S =4} given N is even

(c) {N =2}, given that {S = 4} and the first die showed 1
)

(d) the largest number shown by any die is r, where S is unknown
g J

Proof. (a) Using Bayes and the fact that for N > 5 5 > 5.

P(S = 4N = 2)P(N = 2)
P(S = 4)

L
12

11 11 11 1
62 T 21t 725 T 12061
432

2197

P(N = 2|8 =4) =

N

|~

[\
=2

(b)
P(S=4N8 € {2,4})

P(S = 4N (mod2)=0) =~ CZEE

Using P(AN B) = P(A|B)P(B)

11 1 1
51+ 199618 _ 433

1 =
I 6912
(c) Let the first dice be the random variable d;. Thus, we wish to solve for P(N = 2|S =

4,dy =1).

As the dice rolls are independent of each other, we will define N’ = N — 1.
Now we have P(N =2|S =4,d; =1) =P(N' = 1|5 = 3)

Using Bayes,

P(S = 3|N' = 1)P(N' = 1)

P(N' = 1|5 =3) = P53

144

T 1 =~ 170
+ 51616 169

SN
=

|~

a1, 11
O3 +57+1

[e]

1

8
(d) We are trying to solve for P(max(d) = r) for a given r. For r < 1 or r > 6; we trivally
report 0. Now we consider r € {1,2,3,4,5,6}
We will first try to solve, For a given N P(max(d) = r|N = n) for any n.
Here all the n dice can take r possible values to not violate this. However, what if all
dice are below r? Thus, we must subtract the case where all n dice take values from
1—r—1.
Thus,
r—(r—1)"

P(max(d) =r|N =n) = o
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Using law of alternatives,

n=1
R R G DL |
- Z 6" 2_n
n=1

I
(]
/N
ol
SN——
3
|
(]2
Y
=
ol |
[\]
—_
N——
3

n=1 n=1
T r—1
_ 12 12
T q_ r r—1
1 12 12
r r—1
12—r 13—7r

12
(12 —r)(13 —1r)

§1.8 Problem 8

Problem statement

Let X and Y be independent random variables taking values in the positive integers
and having the same geometric mass function with parameter p. Find:

Proof. (i) Consider P(Y > X|X =n).
This is clearly equal to P(Y > n) = ¢"p+q"Tlp+--- = ¢"p(1+q+¢*+...) = q”pﬁ =
q" = (1 —p)" where ¢ = 1 — p. Using law of alternatives,

P(Y > X) = ip(y > X|X = i)P(X =)

> . - °° - 1_p
— 1 —n)(1 — p)? 1 — 1— 2%-1_, - P
;( p)'(1-p)'p p;( p) PI A
p—p? _ -7
1—1+2p—p? 2p — p?
I
=5,
(i) 1=P(X>Y)+P(X =Y)+P(X <Y) = 5L+ P(X =Y) + 3L
_ B 2-2p _ 2—p—242p __
= P(X=Y)=1-3"="572 =1
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(iii) For Y =n,

P(X > kY|Y =n)
:P(XZI{?TL) — Im 1p+q p+ kn1(1+q+q2+”‘) :qkn—lz(l_

Thus, using law of alternatives

= : , ki—1 i1 (1—p*!
P(X>Y)=) P(X2kY|Y =i)P(Y =i)=(1-p)"'q P=PT g R
i=1

(iv) For X =n,
P(Y (mod X)=0|X =n)
=PY =n)+PY =2n)+...
I L I

:B(qn_’_q2n+.”)
q
_Pr q"
ql—gq"
Using law of alternatives,
P(Y (mod X) ZIP’ (mod X) = 0|X = i)P(X = i)

(v) Let r = £ in its lowest form.

Consider P(X =YY = k).
This is clearly 0 if & (mod b) # 0. Let k = nb.
P(X =rY|Y = k) = P(X = nalY = nb) = pg"**

From the above computation.
Thus, using law of alternative,

10
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§1.9 Problem 9

Problem statement

Suppose a building has f number of floors above the basement, where it starts with

N passengers. Assume that the passengers get off, independently of each other, at
one of the f floors with an equal probability. Let X be the first floor after the
basement at which the elevator stops to let a passenger off. Compute E(X).

Proof. Let’s compute P(X = k).

If &k > f, it clearly makes no sense and hence, the probability will be 0.

If k < f, There are f — k 4+ 1 ways for every passenger to stop at or beyond k; however,
we need to subtract where everyone gets off beyond k. Using the uniformity,

(f—k+ DY - (f k)Y
fN

Pz =k) =

:iNZi(f—iH)N—Zi(f—i)N

=1 =1

=LN(lfN+2(f—1)N+---+(f—1)2N+f1N—1(f—1)N_2(f_2)N_..._(f_l)lN_fON

R T LT L L)

| =

§1.10 Problem 10

Problem statement

Find the marginal mass functions of the multinomial distribution

Proof. The multinational distribution is defined by the sum

n
Multi(n, p1,p2,...,pn) = Z Bernouli(n, p1,p2, ... ,0n)
i=1

Where Bernouli(n) is a probability distribution over binary vectors of length n with a
single 1.

11
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The probability that the i’ entry is 1 is p; and Y. p; = 1. To find only P(X; = k),
we can look at the Bernouli sums.
We want exactly k of the n Bernouli random vectors to have 1 in the i*” spot and others

to have it elsewhere.
This has probability %pf(l — p;)™* which is binom(n, p).
Thus, the marginal of multinational is the binomial distribution.

§1.11 Problem 11

Problem statement

Let X and Y be independent geometric random variables with respective parameters
p1 and po. Show that the mass function of X + Y is given by

Fraw (k) = =2 (1= po) ! = (1= 1))

Proof. Using Law of Alternatives,

k-1
Iy (k) =) P(X =i)P(Y =k —1i)

k—
_ P2 O~ @ds

q192 % q1q§ — qlgﬂ
= 191]92—(]]16_1 - qig—l
q1 — q2
= %((1 —p)* = (1= p2)* )
= (=)t = )t

12
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§1.12 Problem 12

Problem statement

Let N be Poisson distributed with parameter A Show that, for any function g (such
that the following expectations exist),

E(Ng(N)) = AE(g(N +1))

Proof. Using the definition of Expectation.
E(Ng(N))

§1.13 Problem 13

Problem statement

Find the generating function of a random variable with mass function f(m) =
with m > 1.

1
m(m+1)

Proof. Using the fact that probability of m = ¢ is only defined for i > 1,

D tl
_;i(l—i-l)
_i((i-l—l)—z)t’
—~ i(i+1)
= i:11~|—1
1 o0 ti—l—l
n(l—1) tZi—i—l
=1
1 O 441
=—In(l—t)—-|—t+t
n( ) . + +l:12 1
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— (l—t) - % (=t —In(1 — 1))

—In(1 - 1) (%—1)“

We could do all the operations and substitutions as [t| < 1and ) 7, (Gl

Ty - converges

absolutely by ratio test as "ty 0asn— 0.

+2
O

§1.14 Problem 14

Problem statement

Find the generating function of f(m) = ua’zzl)ml,m € Z, where 0 < p < 1. Find
the mean and variance.

Proof.

= (i)

'L'EZ

pztz 2]

€L

We will now use E(m) = @/ (1) to get

1-p 1 o
p

1€EZ €L
As for every i # 0, ipl'l + (—i)pl=l = 0. Thus,
E(m) = @,,(1) =0

Now using o?(m) = &/ (1) + &/ (1) — (&, (1))2.
As @ (1) =0,0%(m) = ®” (1). Asp<1< %, the power series converges.

o= 52 (S0 s S 0)) - 52 (e 1) - S

~ p(t—p)(1 —tp)
Thus. ®” (t) 2(1—p)?(1+p) (1+p>+pt(t>— 3))

p
t

p

t

(t=p)3(1 gt)
2(1 1 1 2 2(1
T, 4,0 = LRl ey
Thus, o2(m) = ?1(1_;1;’2) .

14
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