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You can score a maximum of 100 marks, combined from both sections A and B. 100
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The problems in this section are either already discussed in the class or a sljghi) variation of |
that. Give the required proof completely. You can score up to a maximum of 45 marks from
this section.

1” Let X be a non-negative continuous random variable with distribution function F.
Show that e
o r—1 )J) "'.,/

E(X") = /0 ra™ (1= F(z))dz, )15

for which the above expectation is finite. (You get half of the marks for proving the

case r = 1-) - AL D o / 15
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7 % Let X ~ Uni fla,b] and F be a distribution function supported in [a,]. Construct a
' random variable (with proof!) Y with distribution F. X p i‘i@ <) 10
AL ™) - b-a “-
e . 3."Compute the characteristic function of the standard normal distribution N (0, 1.
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NGy Tot Xobein random variable with density function f and characteristic function @.
~— *. Further assume that f is continuous and [*_|¢(t)|dt < 0o. Show for all z € R that
1) =5 [ e p(yat
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5. Let {X,}32;, X be continuous random variables with characteristic functions {n},, 0
y respectively. Show, if ¢,(t) = @(t) for all ¢ € R then that X, — X in distribution.
~ (Partial marks if you assume some of the lemmas without proof.) 30

Part B %
Y= FER)
You may use any result proved in the class. You can score up to @maadmum of 70 marks
from this section.

1. Let X and Y have the bivariate normal distribution with means 0 and variances 1 and
covariance p. Find the joint density function of X +Y and X — Y, and their margina]

density functions. Pt 2 - # 20
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.t 2 Let X and Y be independent (continuous) random variables with common distribu-
Wt h i . 5 . ) -
: _/Aion function F' and density function f. Compute the densities of max{X, }’} and

 min{X, Y}, assuming that j is continuous. zFOy k> 10

1 2N = F1 ) s
3. Prove the answer in the last problem without assuming continuity. 15

,47 “Let {X, : n € N} be independent and identically distributed family of random variables

with with distribution function F satisfying F'(y) < 1 for ally € R. For z € R, let
Y, = min{k : Xj > z}. Compute the distribution of Yz and its expelcta.tion. &2 25}‘
— 1.} ”

A = E‘- 1) —F . 7 )
5 Let X and Y have the joint density f(z,y) = cz(y — z)e Y, for 0 é r <y < oo. Find
(i) c (11)_{5£X/Y) (iii) E(Y/X). -3 KL - ¢ ﬂ_%_:;'/ 15
_6. Let’/the continuous random variables X and Y have joint density function
o\ 1 . Y
:__,/-‘; f(ﬂ:,y) = E, Osy SIS 1, V)
;,. = 0, otherwise, RN " - Z, &
.I ,_:I o B = . ) | }‘;L';' ’L’H 7 'i} o
‘ Find the probability of {X*+Y? < 1}. o2evi Ve +1 ) v © L,/ 20

7 Let X be a random variable with density function f and characteristic function ¢.
Show (subject to an appropriate condition on f) that [ |p(t)[2dt = [, f(z)*dz.
(Hint: Notice that |¢[? is 2 characteristic function of some random variable.) 20

(%Z]_.et X has the T'(1, s) distribution. Let Y be such that the conditional distribution of
Y given X = z follows Poisson with parameter z. Find the characteristic function of
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: (Use continuity theofern along the lines of the proof of CLT.) i 30
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