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Solve all questions. ) L 4 . |
You are not obliged to use any of the hints. Any correct solution will be accepted. ‘J,,—-—x R
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Problem 1 ’
1. Let F be a o-algebra. If |F| < oo, then prove that |F| = 2" for some natural number n > 1. (Hint:
Let G be a finite group. Suppose g2 = 1,Vg € G. Use the following fact: if prime Plﬂl'd[G) then 3z €
G such that ord(z) = p.)
Problem 2
—/‘
_-T_ Let (Q,F,P) be a probability space such that P(4) € {0,1},VA € F. Let X : @ = R be a random
variable. (Note: X need not be discrete.) Prove that there exists c € R such that P(X =c) = 1.
Problem 3 B I "
" Let (Q.A4, F) be a probability space. Let {An} be a sequence of events in A. We define: féh ﬁﬁ  esf
; e 7
) + _ limsupAp ={w:w€eA for infinitely many n € N ) .y |
Lo Db = = : Vg o L 4)
N5k K5 liminIA,,:{w:HmEN such that w € A,,Vn > m} ,
£y ﬁ £ 2 _C,f?_
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1. ? A7 Ie'm.ma) Prove that ~ VIR 3
A n K
AinfP(A,) < limsupP(4 B =y
P(liminf A,) < limi < limsupP(A,) < P(limsup A, s
( Ny )t/m:ll'l-_’?q( m 15 n—]':}’t}ﬂ( \.} ( “si?@ ) ﬂ
:_2 (Bm-gi-CanieH: lemma) Let {By : n € N} be a sequence of events such that YonexP(Ba) < co. Prove

that P(limsup,, B,) = 0.
Hint: Rewrite limsup, An and liminf, A, using intersections and unions.
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