Wuiz 3

L1th April, 2025

Instructions

There is only one question, broken down into six parts.
There is a bonus question that you ean attempt for extrn credit.,
Do NOT hesitate to ask me if you find the notation confusing,

RELAX. Think.

Problem

Given a discrete random variable X : 2 — S, the measure jix induced by X is defined as:

ux(4) =P(X € A), VACS

Lel Xpmy, 1 S0 < n be o trisngular array of random variables such that

P(iYu,m o 1} = Pum and P(Xu,m = U) e (1 _pﬂ,m) 70 - f é
- n
We have the following conditions: /}( nym !
,i_
_g;};pmms)ke(o,oo) and llﬁn]g’;‘.&énpn.m=0 e ﬂ,}
? L X o
Let Sp = (Xn1 + .- Xnn) We want to show that
S,. = Poisson(A) )
Let p and v be probability measures on (€, 2, where  is coutable. Define:
1
= vl = 5 3 4(z) ~ v(@)| = sup [4(4) — V()] (i)
= c

The first part of this problem provides a quided proof of (1), while the second part, for bonus marks, asks you

to supply an allernative proof of the same result.

1. Follow the given outline:

{p,}_',fét Zn, 1 < n < 00, be integer valued. Show that Z, = Z if and only if P(Zy = m) = P(Ze = m)

for all m € Z.

(b) Notice that d(p,v) = || — v|| defines a metric on the
llitn — ull = 0 if and only if ptn = p. (Hint: How wou
which A is the maximum attained?) ;

-7
(&)1 g X pz denotes the product measure on Z x Z that has (1 % p2)(@,y) = pa(z)p2(y), then show

< that

set of probability measures on Z. Show that
Id you prove the second equality in (1t)? For

1 % pz —va X 2l € i =21 || + llp2 = vall

r
™~ (d) If p1g * rz denotes the convolution of 3 and iz, that is, pu1 * p2(®) = T, #1(z = y)ua(y), then show
that [|ps * p2 — v1 # val| < [l X p2 = v1 X va|.
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p_{e):'Lci- jt be the measure with (1) = p and p(0) = 1 — p. Let v be a Poisson distribution with mean p-
~ Then show ,
ln-vi<p
(Hint: 1 —z <e %) s
(I'j Now prove (1). (Hint: What distribution docs the sum of two independent Poisson random variables
ez
follow?)

2. (Bonus) Prove (1) using characteristic functions. (Hint: Let zy, ..., 2n and wi,.
of modulus < 1. Then [[T%cy 2m — [They Wm! € Tmai [2m = wnl.)

.., ty, be complex numbers
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